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Abstract 

Recently, it has been proposed that the S-matrix elements on the world volume 
of an abelian D3-brane are consistent with the Ward identity associated with the S- 
duality. In this paper we extend this study to the case of multiple D3-branes. We 
speculate that the S-matrix elements are consistent with the S-dual Ward identity 
irrespective of the ordering of the external states. Imposing this symmetry on the 
particular case of the S-matrix element of one Kalb-Ramond, one transverse scalar and 
two nonabelian gauge bosons, we will find the linear S-duality transformation of the 
commutator of two nonabelian gauge field strengths. Using this transformation and 
the standard S-duality transformations of the supergravity fields, all other nonabelian 
S-matrix elements of one closed and three open string states can be found by the S- 
duality proposal. We will show that the predicted S-matrix elements are reproduced 
exactly by explicit calculations. 
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1 Introduction 



It is known that the type II superstring theory is invariant under T-duality [U El El IU E] and 
S-duality [H El [TJ HI [101 HH [5]. At the classical level, these dualities appear in equations of 
motion and in their solutions [121 EES EE2 US] . At the quantum level, these dualities should 
appear in the S-matrix elements. The contact terms of the sphere-level S-matrix elements 
of four gravitons are speculated to be invariant under the S-duality after including the loops 
and nonperturbative effects [IB] - [32]. This idea has been extended to the contact terms 
of the S-matrix element of two gravitons on the world volume of D3-branes as well [33l [M] . 

For other S-matrix elements, one expects they satisfy the Ward identity associated with 
the global S-duality [351 EE]. The Ward identity relates a specific rz-point function to the 
other n-point functions which are the transformation of the original one under the linear 
S-duality. The linear S-duality transformation is a transformation which is linear on the 
external states and is nonlinear on the background fields. Using this Ward identity, the 
S-matrix elements on the world volume of Fi-string/NSs-brane have been proposed to be 
related to the corresponding S-matrix elements on the world volume of D!-string/D 5 -brane 
[36]. 

A D 3 -brane is invariant under the S-duality. On the other hand, the magnetic and the 
electric components of the gauge boson on the world volume of the D 3 -brane rotate into 
each other under the linear S-duality [37]. Therefore, the S-dual Ward identity predicts 
that the S-matrix elements of n gauge bosons to be invariant under the linear S-duality 
transformations. It has been shown in [38J that the disk-level S-matrix element of four gauge 
bosons on the world volume of a single D 3 -brane is invariant under the linear S-duality 
transformations on the external states. However, this amplitude along does not satisfy the 
second criteria of the S-dual Ward identity, i.e., it is not invariant under the nonlinear 
S-duality transformation on the background dilaton field. The leading a 1 order terms are 
invariant under the nonlinear S-duality, whereas, the non-leading order terms have some 
extra dilaton factors which are not invariant. They must be corrected by the loop and the 
nonperturbative effects [IE]. For example, the a' 2 order terms have the dilaton factor e~^° 
[38J which may be extended into the SL(2, Z) invariant nonholomorphic Eisenstein series 
-&L (0o, Co) after including the loops and the nonperturbative effects. All other S-matrix 
elements on the world volume of the D 3 -brane should satisfy the above Ward identity. The 
S-dual Ward identity of some S-matrix elements including only closed string have been 
studied in [3BJ, and including both open and closed strings have been studied in [35] . 

In this paper, we would like to study the S-dual Ward identity of multiple D 3 -branes. 
The S-matrix elements in this case should include a Chen-Paton factor for any ordering 
of the external states. We speculate that the S-matrix elements for any ordering of the 
external states satisfy the S-dual Ward identity. In other words, the S-matrix elements for 
any ordering of the external states are speculated to be singlet under the linear SL(2, Z) 
transformation. This Ward identity may be used to find the transformation of the external 
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states under the linear SL(2, R) transformations. The linear SL(2, R) transformation of the 
abelian gauge field strength has been found in [37]. The gauge field strength and its Hodge 
dual transforms as doublet in this transformation. We will use the S-dual Ward identity to 
find the transformation of the nonabelian gauge field strengths and the transformation of 
the commutator of them. 

The S-matrix elements on the world volume of multiple D 3 -branes can be arranged into 
two classes. One class includes the S-matrix elements which are nonzero in the abelian 
limit, and the other one includes the S-matrix elements which are zero in the abelian limit. 
The Ward identity of the first class indicates that the S-matrix elements must be a singlet 
combination of the abelian doublet [57] . e.g., the S-matrix element of four gauge bosons 
have been written in [38] as the singlet combination of four abelian doublets. The Ward 
identity in the second class, however, indicates that the S-matrix elements must be the 
singlet combinations of the doublets which are zero in the abelian case, i.e., the doublets 
must include the nonabelian gauge field strength and its Hodge dual and/or the commutator 
of gauge field strengths and its Hodge dual. The Ward identity in the second class then 
gives information about the transformation of the nonabelian gauge field strength and 
its commutators. The simplest example is the disk-level S-matrix element of three gauge 
bosons |39j. The Ward identity can be used to find the linear S-duality transformation of 
the nonabelian gauge field strength. Another S-matrix element in the second class is the 
S-matrix element of one closed and three open string states. The S-dual Ward identity in 
this case can be used to find the linear S-duality transformation of the commutator of two 
gauge field strengths. 

The outline of the paper is as follows: In section 2, we study the disk-level S-matrix 
element of three gauge bosons on the world volume of N D3-branes. Imposing the S-dual 
Ward identity on this amplitude, we propose a linear S-duality transformation for the non- 
abelian gauge field strength. In section 3.1, we calculate the nonabelian S-matrix element 
of one Kalb-Ramond, one transverse scalar and two gauge bosons. We then show that the 
S-dual Ward identity of this amplitude dictates that the commutator of two gauge field 
strengths and its Hodge dual transform as doublet under the linear SL(2, R) transforma- 
tions. Moreover, the Ward identity predicts two S-matrix elements. One is the S-matrix 
element of one RR 2-form, one transverse scalar and two gauge bosons, and the other one 
is the S-matrix element of one RR scalar, one Kalb-Ramond, one transverse scalar and two 
gauge bosons. In the latter amplitude the RR scalar must be constant. In section 3.2, using 
the doublets found in section 3.1, we show that the S-dual Ward identity predicts also the 
nonabelian S-matrix element of one graviton and three gauge bosons. We calculate this 
amplitude explicitly and find exact agreement with the S-duality result. In section 3.3, we 
calculate the nonabelian S-matrix element of one dilaton and three gauge bosons. Using 
the doublets found in section 3.1, we will show that the S-dual Ward identity predicts the 
S-matrix element of one RR scalar and three gauge bosons. In section 3.4, we calculate 
explicitly the S-matrix element of one RR vertex operator and three open string states and 
find exact agreement with the amplitudes predicted by the S-duality. 
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2 Three gauge bosons amplitude 



In this section we consider the S-matrix elements of three gauge field vertex operators in 
the type IIB superstring theory. This amplitude for 123-ordering of the external states in 
the Einstein frame is given by (see e.g., [39]): 

A ~ zT 3 e-*° (Ci-«2<3 + Ca-fesiCrCs + Ca-^Ci^Tr^A^)^ + K + k a 3 ) 

where <j)o is the constant dilaton background, k nm = k n — k m for n,m — 1,2,3, and the 
vectors are the polarizations of the nonabelian gauge boson^j]. The generators of the 
U(N) group are given by As. The kinematic factor is antisymmetric under interchanging 
the particle labels, so the total amplitude which includes the 123-ordering and 132-ordering 
is nonzero when the generators belong to the subgroup SU(N). The dilaton factor comes 
from changing the string frame metric r]^ b to the Einstein frame metric r}® b as r]^ b = e^°^ 2 7]^ b . 
Using the notation F nab = i(k na ( n b — k nb ( na ), this amplitude can be rewritten as 

A ~ T 8 e-*> (F lab cks ] + F 2ab (i(? + F^Cf £ ] ) Tr(X 1 X 2 X 3 )5\k a l + k a 2 + k a 3 ) (1) 

The amplitude satisfies the Ward identity associated with the gauge transformation, e.g., if 
one replaces the polarization vector £® with its linear transformations + k^x where x is 
an arbitrary scalar, the amplitude remains unchanged. The above amplitude is reproduced 
by the three gauge field coupling of the SU(N) Yang-Mills theory. 

The type IIB superstring theory is invariant under the S-duality, hence, one expects 
its S-matrix elements to satisfy the Ward identity corresponding to this symmetry as well, 
i.e., if one replaces a polarization tensor with its linear S-dual polarization, the amplitude 
should remain unchanged up to some background dilaton factor. The dilaton factor, on 
the other hand, may be extended to SL(2, Z) invariant function after including the loops 
and nonperturbative corrections [16] - [32]. The three point function (JT|) receives no loop 
corrections [40J, hence, the linear transformation of the gauge field polarizations in (JTJ), e.g., 
Fi a b and 1 should be such that they cancel the nontrivial transformation of the dilaton 
factor e~^°. 

The linear SL(2,R) transformation of the U(l) gauge field strength has been found in 
[37] . It is given by 

^"( e -*F- F C (»F))^( A " 1 ) T (e-*F% (,F)) ■ A ^L(2. fl ) (2) 

where (*F) ab = e abcd (F) cd /2, F ab = d a A b - d b A a and C is the constant axion background. 
This transformation is compatible with the gauge transformation because the gauge in- 
variant object transforms to another gauge invariant object. The above transformation 

^^Our index convention is that the Greek letters (/i, v, ■ ■ ■) are the indices of the space-time coordinates, 
the Latin letters (a,d, c, • • •) are the world-volume indices, the letters (i,j,k, ■ ■ •) are the normal bundle 
indices and the letters n, m, • • • are the particle labels. 
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rule may be used for the linear transformation of F\ ab in ([I]). However, to find the linear 
S-duality transformation of C2C3 we have to extend the above transformation to the non- 
abelian cases in which the commutator of gauge field is nonzero. For the special case that 
0o = Co = and A = off-diag(— 1, 1), the above S-duality is the electric-magnetic duality 

F — y *F 

*F — > -F (3) 

We now propose an extension of this transformation to the nonabelian case. The S- 
duality should be compatible with the following facts: 

1- It should be reduced to the above transformation for the abelian case. 

2- It should keep the gauge group U (N) unchanged. 

3- It should be consistent with the nonabelian gauge transformation. 

4- It should render the 3-point function ([I]) to be invariant under the linear S-duality. 

To define the appropriate non-abelian S-duality, we first modify the Hodge dual operator 
to the nonabelian case. We define the Hodge dual of the nonabelian field strength F ab = 
d a A b - d b A a + i[A a , A b ] in which A a = A«\ a and [X a , X 13 ] = i/ Q ^A 7 , to be 

(*'FU = -\e a Ud c A' d -d d A' c + i[A' c ,A' d \) (4) 

where A' a = A"X' a and the generators satisfy the algebra [A /Q , X' 13 ] = — z/ Q/37 A' 7 . For abelian 
case X' a = X a = — 1 and for nonabelian case X' a = —X a . Note that the *' operator on the 
linear part of the gauge field strength is the usual Hodge dual operator. 

The transformation of the nonabelian gauge field strength F under the gauge transfor- 
mation 5A% = d a x + [-4a, x] is 

<*F = [F,x] (5) 

The transformation of Hodge dual of F under the gauge transformation 5A' a = d a x'+ [A' a , x'} 
is 

6(*'F) = [*'F, x'} (6) 

Note that both [A°, X 13 } = if a ^X^ and [A /Q , X' 13 ] = -if a ^\'i are the algebra of the U(N) 
group. 

We now use this nonabelian Hodge dual operator to define the linear S-duality trans- 
formation of the nonabelian gauge field strength. For the special case that <po = Cq = 
and A = off-diag(— 1, 1), we propose the following linear transformation: 

F — > *'F (7) 
*'F — ► -F 
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Obviously, the above transformation reduces to the abelian transformation Q, it does not 
change the gauge group U (N) and it transforms adjoint representation to adjoint represen- 
tation. Note that if one uses the symmetric trace operator, then the above transformation 
reduces to STrF — > STr(*F) which is consistent with the linear part of the nonlinear S- 
duality transformations proposed in [H] . We will show shortly that the transformation (J7|) 
renders the 3-point function (JTJ) to be invariant under the S-dual Ward identity. 

The extension of the transformation (JTj) to the case that <po and Co are nonzero and A 
is arbitrary, is given by the following doublet: 

*'F \ M _u T / *'F 



V ~ [ e -*°F - C (*'F) J ~* (A ^ U- 0O F - C (*'F) > (8) 



Using this doublet and the following matrix: 

which transforms under the SL(2, R) transformation 

M ^AM A T , (10) 
one finds the following coupling is invariant under the linear S-duality: 

(V T ) a b Mo(V) a b = e "*> ([*'¥)* {*'F)\ + ¥ a b Y\ ) (11) 

The nonabelian gauge invariant and S-duality invariant action is then 

S ~ T 3 J d 4 x Tr ( (V T ) a b Mo(V) a b ^j = 4zT 3 e"^ J d 4 x Tr (F a b [A a , A b }) (12) 

where we have used the identity 

-e a cde e a J 9 = -{7] df 7] e9 - r] dg 7] ef ) (13) 

The Maxwell term is canceled in (fT2|) which is consistent with the fact that the Maxwell 
action is not invariant under the S-duality. The action (TT2"j) is consistent with the 3-point 
function (pQ). The two commutator terms in f )12p is also canceled. This indicates that the 
four gauge bosons coupling in the Yang-Mills theory is not invariant under the S-duality. 
In fact this contact term combines with some massless poles reproduced by the coupling 
(j!2p to produce the 4-point function which is invariant under the S-duality. 

Under the S-dual Ward identity, an n-point function must transform to n-point function. 
Hence, one needs 1 — > 1 and 2—7-2 transformations of (jSJ). The 1—^1 transformation is 
the same as abelian case (T5]). The 2—7-2 transformation is 

A=( ~* [AA] WA-W -* [AA] ) (U) 



2 Notc that the matrix A4 here is the inverse of the matrix M. in 1371 . 



5 



where {*[A,A}) ab = e abcd [A c , A d }/2. For the special case that <p = C = and A = off- 
diag(— 1, 1), the above linear S-duality transformation is 



[A\A b ] -> -(*[A,A]) ab (15) 



For the plane waves 



A x = CiMe ikl - x ; A 2 = ( 2 \ 2 e ik * x (16) 

it reduces to 

X 2 ]e likl+k2) - x - * Ci°d ] [Ai 5 X 2 ]e< kl+k ^- x (17) 

which gives the following transformation for the antisymmetric combination of two gauge 
field polarizations: 

&<$ -> - * C?<$ (18) 

The extension of this transformation to the case that 0o and Co are nonzero and A is 
arbitrary, is then given by the following doublet: 

A% ^ ( e~HM + C Uh?) ) ~* (A " lf ( e-*cM+ CoH l X ] ) ) (19) 

where the subscript 12 on A is the particle labels. 

Using the doublets ©, f|19|) and matrix (jUJ), one finds the following coupling is invariant 
under the linear SL(2, R) transformation: 



(*^l)a.(*Ci a C3 ] )+Fla6d a C3 ] ) 



2e^°F la6 Ci a C3 61 (20) 



where in the second line we have used the identity ( TT3]) . Note that if one had used the usual 
Hodge dual operator instead of the nonabelian Hodge dual operator @ in the doublet (jSJ), 
one would find the right hand side of (|2"0"|) to be zero. 

The 3-point function ([1]) can then be written as 

A ~ T 3 (fLMoAH + FLMoA^ + FLMoAty Tr(A!A 2 A 3 )5 4 (^ + k a 2 + k a 3 ) (21) 

which is manifestly invariant under the linear SL(2, R) transformation. Note that there 
is no dilaton factor left over. In fact the tree-level 3-point function is the only S-matrix 
element which is fully invariant under the linear S-duality. In all other cases, there are 
some dilaton factors in the final S-dual amplitude. One needs to add the loops and the 
nonperturbative effects to the tree- level amplitudes to make them S-duality invariant. 
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Before ending this section let us compare the Ward identity corresponding to the non- 
abelian gauge symmetry with the S-dual Ward identity. The nonabelian gauge symmetry of 
a theory indicates that the S-matrix elements in the theory must satisfy the Ward identity. 
In the trivial background, it is the invariance of the S-matrix elements under the linear 
gauge transformation. In the nontrivial background which includes the nonabelian gauge 
field, the Ward identity is the invariance of the S-matrix elements under the linear trans- 
formations on the external states and the full nonlinear transformations on the background 
fields. Similarly, the S-duality of a theory indicates that the S-matrix elements in the the- 
ory must satisfy the S-dual Ward identity. However, in this case the transformation of the 
background is always nontrivial, because the dilaton which plays the rule of the coupling 
constant transforms non-trivially under the S-duality. So the S-dual Ward identity is fully 
satisfied only after including the loops and the nonperturbatie corrections to make the dila- 
ton background in the tree-level S-matrix element to be invariant under the full nonlinear 
S-duality transformation. 

The study of the S-dual Ward identity of the S-matrix elements, hence, has two parts. 
One part which is easy to study, is to make the tree-level S-matrix elements to be invariant 
under the linear S-duality transformation on the external states, and the other part which 
is nontrivial to explore, is to make the background dilaton field in the tree-level amplitude 
to be invariant under the full nonlinear S-duality. This can be done by including the loops 
and the nonperturbative effects [16] - [32]. In the first part, a S-matrix element is either 
invariant by itself, e.g., the 3-point function ( I2ip or the 4-point function [38J, or it has to be 
combined with some other tree-level S-matrix elements to become invariant under the linear 
S-duality. We will show in the next section that even the first part of the Ward identity 
has nontrivial information, i.e., it can be used to find the linear S-duality transformations 
of the commutator of nonabelian gauge field strengths, and to find new S-matrix elements 
from a given S-matrix element. 



3 Three open and one closed string amplitudes 

We have seen that the S-dual ward identity of the 3-point function enables us to find the 
linear S-duality of the commutator of two gauge fields (Tl4]) . However, this commutator 
term is not invariant under the linear gauge transformation. The on-shell conditions in 
the 3-point function ([[]) in which this commutator term appears, are such that they make 
the amplitude to be invariant under the gauge transformation. This symmetry however 
does not allow the higher point functions to be written in terms of the commutator of two 
gauge bosons. In this section, by working on some examples, we are going to show that 
the higher point functions may be written in terms of the linear gauge field strengths and 
the commutator of them. The S-dual Ward identity can then be used to find their linear 
S-duality transformations. The commutator terms appear only in the S-matrix elements 
which are zero in the abelian case. Moreover, the S-matrix elements which involve both 
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closed and open string states, in general, do not satisfy the S-dual Ward identity. One 
needs to include some other S-matrix elements to make them invariant. In this way the 
S-dual Ward identity can be used to find new tree-level S-matrix elements. 



3.1 Kalb-Ramond amplitude 

The simplest nonabelian S-matrix element which is zero for abelian case is the S-matrix 
element of one Kalb-Ramond B-field, one transverse scalar and two gauge boson^|. This 
amplitude is given by the following correlation function: 

A ~ <vt h - 1 \e B ,p)vi \Ci,h)v\ \C2,k 2 )vi 0) (C3,h)> (22) 

Using the doubling trick PHI |4"5] , the vertex operators are given by the following integrals 
on the upper half z-plane 

K-i-i) 
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V B ~ L '~ x >=(e B .D)^ J d 2 z : ^e^e ip - x : ^e^e^'* : 

Vl 0) = (C 2 )a 2 / dx 2 : (dX a * + 2tk 2 -^ a2 )e 2ik2 - X : 

vl 0) = (C 3 )a 3 f dx 3 : (dX as + 2tk r ^ a3 )e 2lk3 - X : (23) 



where the matrix D£ is diagonal with +1 in the world volume directions and —1 in the 
transverse direction. To simplify the calculation, we assume the polarization of the B-field 
is along the word volume of the D p -brane. The B-field polarization e B is antisymmetric. 
The on-shell conditions are e B .p = V- £ b = Vp^ — 0, fei-fei = and Q-h = fej.fei = for 
i — 2, 3. The metric in the inner products is the flat world-volume metric. The open string 
momenta are along the brane whereas the transverse scalar is orthogonal to the brane. 

Using the standard world-sheet propagators 

< X»(x)X v (y) > = -rTlog(x-y) 

<r(x)r(y)> = 



x-y 

< (j){x)(j){y) > = - log(x - y) (24) 



one can calculate the correlators in (1221) . The result is 



(2-(3fa-£B-hJi + k 2 .C,3k 2 .e B .C,2Ji - k3.C2h.es.C3J1 + fe2-C3fe3.eB.C2J1 



-k3.C-2k3.E3.C3J1 + k 2 .k3C 2 .c B .C?,Ji + fe1.C3fe2-eB.C2J2 + fe1-C2fe3.eij.C3J3 



(25) 



3 The scattering amplitude of one closed and three open string states has been studied in [42J [43] 
4 Our conventions set a' = 2. 
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The amplitude has also a delta Dirac function imposing the momentum conservation along 
the brane, i.e., 



p + p.D + 2k 1 + 2k 2 + 2k 3 = (26) 
In the amplitude (I2"5|) . Jx, J 2 , J 3 are the following integrals 

j (x 2 (2x 3 - gi - gi) + 2z 1 z 1 - x 3 (gi + z x )) 

1 (a?2 - £3) (an - 21) (x 2 - 2:1) (x 3 - zx) (x x - z~x) (x 2 - z x ) (x 3 - z x ) 

j (xx (2x 3 - zx- h) + ZzxZx - x 3 (zx + z{)) K 

2 (xx - x 3 ) (xx - Zx) (x 2 - Zx) (x 3 - Zx) (xx - Zx) (%2 - Zx) (x 3 - Zx) 

j (2zxzx - x 2 (zx + zx) + xx (2x 2 - zx - zx)) K ^ 

(xx - x 2 ) (xx - Zx) (x 2 - Zx) (x 3 - Zx) (xx - Zx) (x 2 - Zx) (x 3 -Zx) 

There is a measure / d 2 zxdxxdx 2 dx 3 for all the integrals which we have omitted. The 
function K is 

K — (z — z) p - D - p \z - xx\ 2kl - p \z - x 2 \ 2k2 - p \z - x 3 \ 2k3 - p {x 12 ) 4kl - k2 {x 13 ) 4kl - k3 {x 23 Y k2 - k3 (28) 

Note that the integral J 2 (J 3 ) is the same as Ji in which the replacement 1 4-> 2(2 f>l,3f> 
2) has been used. Imposing the Ward identity corresponding to the gauge transformation, 
one finds the following relations between the integrals: 

kx.k 3 J 2 = -k 2 .k 3 Jx ; k x .k 2 J 3 = k 2 .k 3 J ± (29) 

Using these relations, one can write the amplitude (|25l) in terms of gauge field strength as 



A~e- 3(f,o/2 Pl Cx 



tr(e B .F 2 .F 3 ) + ——tr(e B .F 2 )kx.F 3 .k 2 - —^—tr(e B .F 3 )kx.F 2 .k 2 

ZrCx.n 3 ZKx-fc2 



Ji(30) 



where we have also used the Einstein frame metric in witting the above result. The above 
result is valid for any ordering of the external states. The integral Jx can be evaluated after 
fixing the ordering of the external states. One finds that this integral for the 132 ordering is 
minus of the 123 ordering. For the 123 ordering, one has to include the Chan-Paten factor 
Tr(AiA2A 3 ) and for the 132 ordering the factor Tr(AiA 3 A2). So the total amplitude which is 
the sum of these two ordering is symmetric under changing 2 <H- 3 and is zero for abelian 
case. 

The scattering amplitude for any ordering of the external states, e.g., (!30|) satisfies the 
Ward identity corresponding to the gauge transformation, so we expect the amplitude for 
the case of D 3 -brane satisfies the Ward identity corresponding to the S-duality as well. 
Unlike the gauge transformation which maps the gauge field to itself up to a derivative 
of a scalar field, the S-duality in general maps a field to another field so the amplitude 
in general should be covariant under the linear S-duality transformation. For example, as 
we will see in a moment the amplitude ( 130]) transforms to two other amplitudes under the 
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linear S-duality. One is the scattering amplitude of one RR two-form, one transverse scalar 
and two gauge fields, and the other one is the scattering amplitude of one RR scalar, one 
B-field, one transverse scalar and two gauge fields. In other words, the S-dual Ward identity 
predicts that the combination of the above three amplitudes forms a S-dual multiplet. 

To find the S-dual multiplet corresponding to the amplitude (150"]) . we note that a single 
transverse scalar is invariant under the S-dualit)|E The B-field and the RR two-form appear 
as doublet under the SL(2, R) transformation jl6] 

B = ( C B {2) ) ^ (A-Y ( C B {2) ) (31) 

Using the above transformation for the B-field, the S-dual Ward identity of the amplitude 
(l30j) dictates that there are two doublets constructed from the gauge field strength. To find 
the precise form of these doublet, let us define the 2-forms M and M c as 

M ab = [F ac ,F c b ] 

M c ab = [d d F ab ,F dc ] (32) 

which are zero for abelian case. We propose the linear S-duality transformation of these 
2-forms to be the same as F ab in e.g., 

ab ~ \e~^°Mab — C (*M) ab J > {e-^M ab -C (*M) ab J ^ 

Using the plane waves ffTBT) . one finds the following transformations for the polarization 
tensors: 

{Ml2)a b ^{e^FtF^-c]{M a -Fl ] )) ~* (A ~ 1)T {e-^Ffjf-cl^F^F^ {M) 

2, 



e'^Ffkx.Fi - C G {*Ffk x .F£) J v ' \ e'^Ffh.F^ - C^Ffk^F, 



where the superscript 12 on M. a b and M. c ab is the particle labels. Using the doublets (I3T[) . 
(j3^|) and the matrix (Q, one finds the following expressions are invariant under the linear 
S-duality: 

(B T r b MoMli = e+>4M£ + *$MS-C Q {*4)M% (35) 
(B T ) ab M M% c = e-^etMlZ c + *e<$Mll c -C Q {*e a £)Mlt c 

where (M 12 ) ab = F^.F^, (M 12c ) ab = Ffki-Fg and e c is the polarization of the RR two- 
form. The amplitude fl30l can then be extended to the following linear S-dual invariant 
form: 



Ji (36) 



5 A proposal for the S-duality transformation of the antisymmetric combination of three scalar fields has 
been proposed in [4T] . 
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Note that the Mandelstam variables in the integral J\ are multiplied by the dilaton factor 
so foe leading order term of the amplitude at low energy which is reproduced by 
the supergravity and the Af = 4 Super Yang-Mills theory, has no extra dilaton factor. 



The S-dual amplitude (|36|) confirms that the nonabelian 2-forms (|32|) transform as 
doublet under the linear S-duality. This amplitude predicts that the amplitude (130]) should 
be combined with two other amplitudes to make a S-dual multiplet. One of them is the 
S-matrix element of one RR 2-form, one scalar and two gauge fields which is given by 



.4 



C( 2 )$AA 



1 



+ 



ti(*e c .F 2 .F 3 ) 
ti(*e c ■F 2 )k 1 .F 3 .k 2 - 



(37) 



1 



-tT(*e c .F 3 )k 1 .F 2 .k 3 



2k\.k 3 1k\.k 2 

The other one is the S-matrix element of one RR scalar, one B-field, one scalar and two 
gauge fields which is given by the following amplitude: 



.4 



C(°)B<S>AA 



1 



tr(*e B -F 2 .F 3 



(3f 



+ 



■ti(*e B -F 2 )ki.F 3 .k 2 - 



-tr(*e B .F 3 )ki.F 2 .k 3 



Ji 



2k\.k 3 2k\.k 2 

In the above amplitude the RR scalar is constant. We will compare the amplitude ([3] 
with explicit calculation in section 4.4. In the next section we will show that the nonabelian 
doublets found in this section can be used to even predict the non-abelian S-matrix element 
of one graviton and three gauge bosons. 



3.2 Graviton amplitude 



The S-matrix element of one graviton and three gauge bosons is zero for the abelian case. So 
the S-dual form of the amplitude should include the nonabelian doublets that we have found 
in the previous section. To make a singlet from the nonabelian doublets (J34l) . the amplitude 
must include another doublet. Since the graviton in the Einstein frame is invariant under 
the S-duality, the only possibility for the graviton amplitude which has three gauge bosons, 
is then to have one abelian doublet (j2]). So we have to make a nonzero singlet from 
the graviton, the abelian doublet (jSJ) and the nonabelian doublets (1341) . There are two 
possibilities for the polarization of the graviton in the S-dual form of the amplitude. One 
is the world-volume trace of the graviton multiplies with the singlet from the two doublets, 
and the other one is contraction of the graviton with one of the doublet and then making a 
singlet from them. In the former case, however, the singlet is zero using the identity ( TT3|) . 
i.e., (J rT ) ab A / lo-^af) = 0. Hence, the only possibility for making a nonzero singlet from the 
graviton, the abelian doublet ([2]) and the nonabelian doublets ([541 is the following: 



1 



2Jfei.Jfe; 



JVl ab K lc 



1 



2k v k 2 



JVl ab K lt 
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+e-^ 2 (e.^)^M 



2k 2 .k 3 
1 

2k 2 .k 3 



MH c k lc 



Mir 



he ~ 



2fci.fc 2 
1 

2fci.fc 3 



jvl ab K lc 



Mir 



he 



■h 
■h 



(39) 



Our notation is (e.Fi)^ = ((£.Fi) ab — (e.Fi) ba ) /2. The above amplitude is the prediction 
of the S-duality for any ordering of the external states. The integrals Ji, J 2 , J 3 can be 
calculated after fixing the ordering of the external states in which we are not interested in 
this paper. 

Now let us calculate the S-matrix element of one graviton and three gauge bosons 
explicitly. This amplitude is given by the following correlation function: 



A 



< v^ 1 >- 1 \e,p)vi \Ci,h)vi \( 2 ,k 2 )vi 0) (( 3 ,k 3 ) > 



r(0), 



(40) 



where the graviton vertex operator is the same as the B-field vertex operator in (j220 in 
which the polarization is symmetric. Using the propagators ( l24"j) one can perform the 
above correlators. The result is a lengthy expression in terms of 14 integrals. Some of 
them have tachyon poles. Since the total amplitude should have no tachyon, there should 
be some relation between such integrals and the integrals which have no tachyon poles. 
These relations can be found by imposing the Ward identity corresponding to the gauge 
transformation. Using these relations to eliminate those integrals that have tachyon poles, 
one finds the following result: 



.4 



-Tr(e.D)(-h.( 2 k 2 .(ik 2 .( 3 - h^h-Csh-Ci + h-C3h.C1h.C2 + h^h-Cih^ 

k1.C3h-hC1.C2 + ki.k 2 k 2 .C^Ci-C2 + h-hh-CsCi-G + h-C2h.hC1.C3 ~ 
kx.hk3.C2d.Cs - h-hh-C2C\-C3 ~ h-hh.C1C2.C3 + h-hh-CiC2-C3) - 
h-dCi-Gh-e-h + h.( 2 Ci.( 3 h.E.k 2 - h-C^-Csh-e-h - h.C^i^h.e.h + 

h-CzCi-Czh-e-h + h-CiC2-C3h-e-h + h-Cih-Czh-£-C2 + h-Csh-(ih-£-C2 ~ 
h-hC1.C3h-e.C2 - h.Cih.C2h.e.C3 ~ h-C1h.C2k1-e.C3 + k2.hC1-C2h-e.C3 + 
h-C2h.C3h-e.C1 ~ k1.C3h.C2k2-e.C1 + k1.hC2.C3h-e.C1 + k1.C2h.C3h-e.C1 ~ 
h-Csh^h-e.Ci - h.k 2 C 2 .C3h-e-Ci + h-Csh-hCi-e^ ~ h-hh^Ci-e^ ~ 



h-hh. C 3 Ci-e-C2 - k1.C2h.hC1-e.C3 + k1.hh.C2C1-e.C3 + h.hh. C2Ci- £ -C3 
+[lo2]J 2 + [2ol,3o2]J 3 



Ji 



(41) 



where Ji,J 2 ,J3 are the same integrals that appear in the amplitude (1251) . In above am- 
plitude we have not used the traceless condition of the graviton, so one can use the above 
amplitude to find the S-matrix element of one dilaton and three gauge boson. We will study 
such amplitude in the next section. 

To study the linear S-duality of the above amplitude, we have to first write it in terms 
of gauge field strengths whose duality transformations have been found in the previous 
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section. One can write the above amplitude as 

A ~ e-^[{e.F x )W - \^{ £ .D)Ff]\{F^.F z ) ab + ^^{F^.F^ 



2k x .k 



2jfc 1 .jfe 3 

Ji + (1 <-> 2) + (2 <-> 1, 3 <-> 2) (42) 



where metric is in the Einstein frame. In witting the above result, we have used the following 
relations: 

' kt.F3.k2Jt = \k 2 .CzJi + \h.CzJ2 ; ^-rkt.F 2 .k3Jt = \k3.C2J1 - (43) 



2/C1./C3 2 2 2/ci./c 2 2 2 

as well as similar relations for the replacements (1 -H- 2) and (2 -H- 1, 3 2). 

The amplitude (142]) has been written in terms of gauge field strength so one can now 
write it in linear S-dual form. Using the doublets fl2]), (151]) and matrix Q, one finds the 
following singlet: 

{^) a c M Q Mf c = e-*° [(*Ft) a c (*M™) + F la c M£] (44) 

Using the identity 

e a cde e b J 9 = -Vab(v df V e9 ~ V d9 V ef ) + &U 9 ~ 5 6 V 9 ) ~ ^U f ~ (45) 
one can write the right hand side of the singlet ( 1441) as 



( FjTMvMll = e"* \- l -Fl d M 2 *rf h + Ff c M b 2 c 3 + (F 1 ) 6c (M 23 ) ac ] (46) 

There is similar singlet for the doublet Ai 2 ,^ '. Using these singlets and using the fact that 
graviton is traceless, i.e., Tr(e.D) = 2e a a , one can write the amplitude (142]) in exactly the 
same form as ( 139]) . It is amazing that the lengthy expression ( I4ip can be written in such a 
simple form dictated by the S-duality. In the next section we will find the dilaton amplitude 
and study its S-duality. 



3.3 Dilaton amplitude 

The dilaton amplitude can be read from the graviton amplitude by replacing the graviton 
polarization with 

= Vnv-£n(p)v-£v(p)n (47) 

where the auxiliary field i satisfies E.p = 1 and should be canceled in the final amplitude. 
The graviton amplitude ( 142]) satisfies the Ward identity, i.e., if one replaces the graviton 
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polarization (ei)^ with (^(pi) u + ( u (pi)^ where is an arbitrary vector, the amplitude 
becomes zero. Since we have not used the traceless condition for the graviton in this 
amplitude, it is obvious that the replacement —£n(pi) v —£ v (pi)ii, for the graviton polarization 
gives zero result. Therefore, the dilaton amplitude can be read from ( l4"2"j) by replace the 
graviton polarization with i]^ u which gives the following result: 



A 



4>AAA 



e - 3( t>o/2^ pc 



ab 



(F 2 .F 3 ) ab + 



1 



2ki.k 3 

1 -B- 2) + (2 -B- 1, 3 <-> 2) 



(F 2 ) ab k 1 .F 3 .k 2 - 



1 



2k x .h. 



{F3Uh.F2.k3 



J1 



(4* 



where $ is the polarization of the dilaton which is one. This amplitude should be combined 
with the corresponding amplitude of the RR scalar to make an S-dual multiplet. In fact 
the above amplitude can be extended to the following S-dual multiplet: 



A ~ e 



-00/2/ 



{T( ) ab 5M 



-MH c k lc - 



M% c h 



2k x .k 3 a0 2k x .k 2 
+ (1 H2) + (2ol,3«2) 



Ji 



(49) 



where 5M. is the variation of matrix (Q which includes the dilaton and the RR scalar 
field [3B]- The above S-dual multiplet has two components. One component is the dilaton 
amplitude (|48p . and the other one is the S-matrix element of one RR scalar and three gauge 
fields which is 



A 



CAAA ~ e 



-0o/2, 



*F l ) ab C 



1 



m ab K lc 



1 



2h.k 3 a0 ^ 2k x .k 2 
+ (1 o2) + (2 o 1,3 O 2) 



MH c k lc 



Ji 



(50) 



where C is the polarization of the RR scalar which is one. The above amplitude is predicted 
by the proposal that the nonabelian S-matrix elements should satisfy the S-dual Ward 
identity. In the next section we compare the RR amplitudes predicted by the S-duality 
with the explicit calculations . 



3.4 Ramond-Ramond amplitudes 

We have seen that the proposal that the S-matrix elements should satisfy the S-dual Ward 
identity predicts new S-matrix elements. The graviton S-matrix element ( 1391) is predicted 
by S-duality and confirmed by the explicit calculation. In this section we compare the RR 
amplitudes that have been predicted by S-duality, with explicit calculation. The scatter- 
ing amplitude of one R-R n-form and three gauge bosons may be given by the following 
correlation function: 

A ~ < v£ /2 >- m {et\ Pl )V$\Cu h)vi?\( 2 , k 2 )vi°\C 3 , k 3 ) > (51) 
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where the RR vertex operator is [17J [H] 

vt R 1/2 >- 3/2) = (P-H 1(n) M p ) AB J d 2 Zl : e-^ 2 S A {z 1 )e i ^ x : e~^' 2 S B ( Zl )e^ D - x :(52) 

where the indices A, B, • • ■ are the Dirac spinor indices and P_ = |(1 — 711) is the chiral 
projection operator which makes the calculation of the gamma matrices to be with the full 
32 x 32 Dirac matrices of the ten dimensions. In the R-R vertex operator, Hu n ) and M p 
are 

M p = ^L_e ao ... apl ao ---r p (53) 

where e is the volume (p + l)-form of the D p -brane and E\ is the polarization of the R-R 
form. 

Using the propagators (124"]) . one can easily calculate the X and correlators in ( 151]) . 
To find the correlator of ip, we use the following Wick-like rule for the correlation function 
involving an arbitrary number of f/>'s and two S"s 



<: S A ( Zl ) : S B ( Zl ) : • • -^ n (z n ) :>= (54) 

1 l 7 _W2-5/4 

w^^^ — = Ui^C-^ab + V(z 3 , z 2 ) V ^ {r^C- l ) AB 

^ ' \/ z 2\Zl\ ■ ■ ■ \/Z n lZ n i 

+P(z 3 , z 2 )V( Z5 , z^^rf^^-^C-^AB + ■ ■■ ± perms} 

where dots mean sum over all possible contractions. In above equation, y^-w is the totally 
antisymmetric combination of the gamma matrices and V(zi, Zj) is given by the Wick-like 
contraction 

7>(*,z,)ir = [^rw] = f ^ + ^ lZfl (55) 

ZijZn 

Combining the gamma matrices coming from the correlation ( l5l"l) with the gamma matrices 
in the R-R vertex operator, one finds the amplitude (151!) has the the following trace: 

T(n,p,m) = (ir 1(n) M p ) Afl ( 7 ai - Q ™C7- 1 ) A flA [ai ...^ ] (56) 

= £l e 4, iTrf-y" 1 • • -V^y 10 ■ ■ -^ a p <y a ^- a ™) 

n \(p-\-\)\ 

where Ar ai ... a i is an antisymmetric combination of the momenta and the polarization of 
the gauge bosons. The trace flo^]) can be evaluated for specific values of n and p. Since we 
are going to test the amplitudes that have been found in the previous sections by S-duality, 
we consider only the case of p = 3. 
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To verify the amplitude (|50|) . we have to consider n = 0. The trace ( 156]) then gives 
m = 4. One particular term which is easy to calculate is the one which has C2-C3- F° r 
this term, the X correlator gives K, i.e., (I2"HI) . the <p correlator gives (z — z)~ 3//4 , and ip 
correlator gives 

C2.C,Ce abcd Ffk c 2 ki{z - z) 7 "- ^ {X2,X i r 2 (57) 

\X\ — Z\ z \%2 — Z\ z \Xs — Z\ z 

They give exactly the corresponding term in ( 150]) . For all terms, one finds the following 
result in the Einstein frame: 



Acaaa ~ e-^C 



C2<3k 2 -(*F 1 ).k 3 + k 2 .k 3 ( 2 .(*F 1 ).( 3 + k 2 .C 3 k 3 .(*F 1 ).C 2 - h-C2k 2 -(*F 1 ).C 3 



+k 2 .( 3 k 2 .(*F 1 ).( 2 - h.&k^^Fi).^ 



Jx + [1 <* 2] J 2 + [2 -H- 1, 3 <* 2] J 3 (58) 



Using the relations f )43|) . one finds exact agreement with the amplitude fl50l) . 

To verify the amplitude (I37p . we have to consider n = 2. The trace (15^]) in this case 
gives m = 2 and m = 4. One of the open string states in this case is the transverse scalar, 
so it can be contracted only with the closed string momentum. The only contribution to 
m = 4 is the following: 

T(2,3,4) = 4^ 6 e aoaia2a3 C?C 3 ai fc2 2 4 3] (59) 

Writing the RR polarization as e ao b = —(*e) a/ 3e ao b al3 /2 and using the identity (T451) . one 
finds that the above contribution is zero. The contributions from m = 2 terms give exactly 
the amplitude ([3] 
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